Systems Of Equations.

Definition 1.2: System of Linear Equations

A system of linear equations is a list of equations,

apxy +aaxg +: -+ apx, = by
a1 Xy +axnxy + -+ apxn = b2

Am1X1 + am2Xx2 + -+« + @mnXn = by

where a;; and b; are real numbers. The above is a system of m equations in the n variables,

X1,X2,Xp. Written more simply in terms of summation notation, the above can be written in
the form

H
Zﬂ,’j]’j =b i=123.---.m
J=1

Definition 1.3: Homogeneous System of Equations

A system of equations is called homogeneous if each equation in the system is equal to 0. A
homogeneous system has the form

anx, +apxy+--+apxa =0
azx, +apx;+---+ayux, =0

Am1X] + y2X2 S e mnXn = 0

where a;; are scalars and x; are variables.

Definition 1.4: Consistent and Inconsistent Systems

A system of linear equations is called consistent if there exists at least one solution. It 1s called
inconsistent if there is no solution.

Elementary Operations

Definition 1.6: Elementary Operations

Elementary operations are those operations consisting of the following.

1. Interchange the order in which the equations are listed.
2. Muluply any equation by a nonzero number.

3. Replace any equation with itself added to a multiple of another equation.




Theorem 1.8: Elementary Operations and Solutions

Suppose you have a system of two linear equations

Ef =1}
Ey — by (1.1)

Then the following systems have the same solution set as 1.1:

1.
Bt
Ao 7
kE; ; kil?z A
for any scalar k, provided k # 0.
3.
s (1.4)

E> +kEy = by + kb,
for any scalar k (including k = 0).

Example 1.9: Solving a System of Equations with Elementary Operations

Find the solutions to the system,

x+3y+0z=2>
2x+7y+ 14z = 58 (1.5)
2y Faz=—19

Solution. We can relate this system to Theorem 1.8 above. In this case, we have

Ei=x+3y+6z, b1 =25
Ey=2x+7y+ 14z, b =58
E; =2y+ 5z, b3 =19

x= 1
}-‘:
z=23

Gaussian Elimination



Definition 1.10: Augmented Matrix of a Linear System

For a linear system of the form

@ i+, — by

X - S ynXn — l'E;'j'n

where the x; are variables and the a;; and b; are constants, the augmented matrix of this system 1s
given by

ail -+ aia | b

Aml " dpn bm

Definition 1.11: Elementary Row Operations

The elementary row operations (also known as row operations) consist of the following

1. Switch two rows.

2. Multiply a row by a nonzero number.

3. Replace a row by any multiple of another row added to it.

For example, consider the linear system in Example 1.9

x+3y+6z2=2
2x+7y+ 14z =38
2y+5z=19

This system can be written as an augmented matrix, as follows

1 3 6|25
2 7 14|38
|0 2 5|19
(1 3 6|25 1 3 625
0 1 2| 8 0O 1 2| 8
[ 0 2 5|19 | 0 0 1] 3
This augmented matrix corresponds to the system
x+3y+6z =23
y+2z=8
z2=3

which 1s the same as 1.7. By back substitution you obtain the solutionx =1,y =2, and z =



Definition 1.12: Row-Echelon Form

An augmented matrix is in row-echelon form if

1. All nonzero rows are above any rows of zeros.

2. Each leading entry of a row is in a column to the right of the leading entries of any row above
it.

3. Each leading entry of a row is equal to 1.

Definition 1.13: Reduced Row-Echelon Form

An augmented matrix is in reduced row-echelon form if

1. All nonzero rows are above any rows of zeros.

2. Each leading entry of a row 1s 1n a column to the right of the leading entries of any rows above
IL.

3. Each leading entry of a row 1s equal to 1.

4. All entries 1n a column above and below a leading entry are zero.

The following augmented matrices are not in row-echelon form (and therefore also not in reduced
row-echelon form).

00 0]0 - -
23 at S 3'?§3§
010(2].124/ -6 .|, 5 o
oRE R R R ) B B
00 0|0 - .

The following augmented matrices are in row-echelon form, but not in reduced row-echelon form.

'106582_5?32_1060'
o8 1233 0l 01 4|0
000011‘0001’0010
_UUUUOU_“UDUUE_UUUU_

The following augmented matrices are in reduced row-echelon form.

- - |1 0 0]0
LU U & 40 - -
01 0]0 1 0 0|4
0 01 2 00
U LS O (RS I T, PSR A 0 GO IR ¢ I
g9 g 4 11
00000l o 0 0 01 i AT |2
- <« 10 0 0|0




Definition 1.17: Pivot Position and Pivot Column

A pivot position in a matrix is the location of a leading entry in the row-echelon formof a matrix.
A pivot column is a column that contains a pivot position.

Example 1.18: Pivot Position

Let ) )
1 2 3| 4

v U= I e S [

| 4 4 4|10 |

Where are the pivot positions and pivot columns

=

f the augmented matrix A?

Solution. The row-echelon form of this matrix is

1.2 3[47

%
01 2|3
0 0 0|0
1] 2 3| 47
3 [2] 1] 6
4 4 4|10 _

Thus the pivot columns 1n the matrix are the first two columns.

Algorithm 1.19: Reduced Row-Echelon Form Algorithm

This algorithm provides a method for using row operations to take a matrix to its reduced row-
echelon form. We begin with the matrix 1n its original form.

1. Starting from the left, find the first nonzero column. This is the first pivot column, and the
position at the top of this column is the first pivot position. Switch rows 1f necessary to place
a nonzero number in the first pivot position.

2. Use row operations to make the entries below the first pivot position (in the first pivot column)
equal to zero.

3. Ignoring the row containing the first pivot position, repeat steps 1 and 2 with the remaining
rows. Repeat the process until there are no more rows to modify.

4. Divide each nonzero row by the value of the leading entry, so that the leading entry becomes
1. The matrix will then be in row-echelon form.

The following step will carry the matrix from row-echelon form to reduced row-echelon form.

5. Moving from right to left, use row operations to create zeros in the entries of the pivot columns
which are above the pivot positions. The result will be a matrix in reduced row-echelon form.




Example 1.20: Finding Row-Echelon Form and

Reduced Row-Echelon Form of a Matrix

Let ) )
g - —4
A=11 4 3

i ¢ SR

Find the row-echelon form of A. Then complete the process until A is in reduced row-echelon form.

s

Solution. In working through this example, we will use the steps outlined in Algorithm 1.19.

1. The first pivot column 1s the first column of the matrix, as this 1s the first nonzero column from the
left. Hence the first pivot position is the one in the first row and first column. Switch the first two
rows to obtain a nonzero entry 1n the first pivot position, outlined in a box below.

2. Step two involves creating zeros in the entries below the first pivot position. The first entry of the
second row 1s already a zero. All we need to do 1s subtract 5 times the first row from the third row.
The resulting matrix 1s

3. Now ignore the top row. Apply steps 1 and 2 to the smaller matrix

"

1 4 3
0 -5 —4
0 10 8

—=3
10

[ 11 4 3]
0 -5 -4
| 5 10 7

In this matrix, the first column is a pivot column, and —35 1is in the first pivot position. Therefore, we
need to create a zero below 1t. To do this, add 2 times the first row (of this matrix) to the second.
The resulting matrix 1s
-5 —4
o o)

Our original matrix now looks like

We can see that there are no more rows to modify.

1 4 3
0 -5 —4
0 0 0




4. Now, we need to create leading 1s in each row. The first row already has a leading 1 so no work is
needed here. Divide the second row by —5 to create a leading 1. The resulting matrix is

P T & B
4
o1 ¢

0 0 0

This matrix 1s now 1n row-echelon form.

5. Now create zeros in the entries above pivot positions in each column, in order to carry this matrix
all the way to reduced row-echelon form. Notice that there is no pivot position in the third column
so we do not need to create any zeros in this column! The column in which we need to create zeros
is the second. To do so, subtract 4 times the second row from the first row. The resulting matrix is

LAl b L] —

-

1 0
0 1
0 0

This matrix is now in reduced row-echelon form.

Example 1.21: Finding the Solution to a System

Give the complete solution to the following system of equations

2x+4y—3z=—1
x4+ 10y—-7z=-2
Ix+6y+5z=9

Solution. The augmented matrix for this system 1s

2 4 -3 |-—-1
5 10 =7 | =2
|3 & 5| 9|
2 4 —3|—-17 Fy 4 3 =17 [2 4 —=3|=1 |
00 1| 1 00 1] 1 00 1] 1
3 6 9 ‘00 1|21 [O0O0 Of20

Ox+0y+0z=20

There is no solution to this equation because for all x, y, z, the left side will equal 0 and 0 # 20. This shows
there 1s no solution to the given system of equations. In other words, this system is inconsistent. &

Example 1.22: An Infinite Set of Solutions

Give the complete solution to the system of equations

=y H2—9
y—10z=0 (1.8)
—2xf+y— -0




Solution. The augmented matrix of this system is

s . i S P | g
3 -1 5|97 13 -1 -sl97 | ' 73 3l
O 1 1010 0 1 —10|0 0 1 —10]0

| 0 1 —1010 | 0 0 0olo _[} 0 0 0_

This matrix 1s now in row-echelon form.

1 0 —-5(3
01 —1010

0 0 0]0

This 1s 1in reduced row-echelon form, which you should verify using Definition 1.13. The equations
corresponding to this reduced row-echelon form are

x—5z=3
y—10z=10
or
x=3+57
y= 10z

let z =1, where we can choose 7 to be any number. In this context ¢ is called a parameter . Therefore, the
solution set of this system is
x=3+5t
y=10¢
r— |

Example 1.23: A Two Parameter Set of Solutions

Find the solution to the system
x+2y—z+tw=3
x+y—z+w=1
Xty - zHw—3

Solution. The augmented matrix is

i 2 i
. % I 3|1
1 3 1 1[5
1 2 -1 1| 37 12 =1 1|3
0 -1 0 0]-=2 01 002
0 1 00| 2| OO OO0
x=—14+s—1t
y:
)



[t is customary to write this solution in the form

X " L5t |

y | _ 2

z | §
_H!- - I -

Definition 1.33: Rank of a Matrix

Let A be a matrix and consider any row-echelon form of A. Then, the number r of leading entries

of A does not depend on the row-echelon form you choose, and i1s called the rank of A. We denote
it by rank(A).

Simularly, we could count the number of pivot positions (or pivot columns) to determine the rank of A.

Example 1.34: Finding the Rank of a Matrix

Consider the matrix

What i1s its rank?

Solution. First, we need to find the reduced row-echelon form of A. Through the usual algorithm, we find
that this 1s

1] 0 —1
0 [1] 2
0 0 0

Here we have two leading entries, or two pivot positions, shown above in boxes.The rank of A 15 r = 2.

Theorem 1.35: Rank and Solutions to a Homogeneous System

Let A be the m x n coefficient matrix corresponding to a homogeneous system of equations, and
suppose A has rank r. Then, the solution to the corresponding system has n — r parameters.

Theorem 1.36: Rank and Solutions to a Consistent System of Equations

Let A be the m x (n+ 1) augmented matrix corresponding to a consistent system of equations in n
variables, and suppose A has rank r. Then

1. the system has a unique solution if r = n

2. the system has infinitely many solutions if r < n




